Off-shellness and inhomogeneities in the non-equilibrium dynamics of the λϕ 4 model are studied. The non equilibrium field theory is developed in the Closed Time Path formalism, which is in turn reformulated as a kinetic field theory, in terms of a set of kinetic equations for the 2-point Green function, derived from a generalized effective action functional. We take into account all initial correlations up to the 4-point functions.
Introduction
Phase transitions play an important role in the study of physical systems under extreme conditions. In particle physics, various kinds of phase transitions are of interest and the use of equilibrium thermodynamics may be inadequate. For example, this is so in the current descriptions of the initial stages of heavy ion collisions, in which, heuristically, the onset of deconfinement is believed to give rise to the formation of a quark gluon plasma [1] . Two further examples that one may speculate upon, are the electroweak phase transition in the early universe [3] , and the formation of disaligned chiral condensates (dcc) in high energy hadronic collisions [4] , such as π p scattering.
The closed timepath (CTP) formalism, originating from the work of Schwinger [7] , Keldysh [6] , and Vernon and Feynman [8] , is suitable for analyzing non-equilibrium systems. It takes one beyond the more conventional approaches used to describe small perturbations about thermal equilibrium, such as thermo field dynamics [9] , the Niemi-Semenoff methods [10] and the real time finite temperature formalism of Dolan and Jackiw [11] . The CTP formalism is not restricted to quasi homogeneous systems close to equilibrium, although in practice, to date, it has been difficult to implement non-equilibrium theory in inhomogeneous systems. The full power of the CTP formalism is unfolded within the functional integral representation [12, 15] . Recently [5, 16] an effective action principle, that leads to a hierarchy of Schwinger- Dyson equations for the Green functions, has been formulated. These equations can be reformulated in terms of a transport theory, or kinetic field theory, for the 2-point functions. Such a field theoretic formalism can be shown to have a Boltzmann equation as its quasi-classical limit [5] . While the CTP non equilibrium formalism is theoretically aesthetic and complete, it is difficult to implement practically, and has only recently become a subject of detailed study. Transport theories in general constitute a topic whose quantum field theoretic content is difficult to understand on the basis of quasi-classical models.
We briefly summarize some applications of transport theory that have been developed and are currently of interest. We do so without attempting to be complete.
Non-relativistic kinetic equations have become a common tool in analyzing heavy ion collisions numerically [17] . Semi-classical, but relativistic, approaches based on quantum hadron dynamics have been put forward for the same purpose [2] . A lot of work has been done on the formulation of a quark-gluon transport theory based on the operator formalism of quantum field theory [18] . In order to study the restoration of chiral symmetry in relativistic heavy ion collisions, a transport theory for the NambuJona-Lasinio model, that contains quarks as its fundamental degrees of freedom, has been derived in the framework of the CTP formalism [19] . Due to the difficulties inherent in this particular problem the equations of motion that are obtained have however only been solved in the mean field approximation, in order to study the influence of the phase transition on the expansion of a QGP [20] , and the fluctuations in a quark-antiquark plasma [21] . The CTP formalism has also been recently applied [22] to the O (4) linear sigma model to investigate dcc formation. In all of the studies that have been mentioned, the sys-tems have been required to be quasi uniform and/or the particles to be on mass-shell. These restrictions have simply been necessitated by the dificulty of the problem at hand, since they give rise to considerable simplifications in the formalism when applied. On the other hand, the lifting of these requirements may in some cases be important. The mass-shell restriction may suppress important quantum effects. This is illustrated in the calculation of Eisenberg [13] showing that the spontaneous creation of particles from a constant background field cannot be described in this way.
In order to obtain a better understanding of the importance of off-shell behaviour and spatial inhomogeneities, it is useful to examine a simple model. To this end, we shall focus on the well-known scalar λϕ 4 model in this paper and study the CTP formalism and associated transport theory for this model.
In doing so we shall endeavour to remove the on-shell restriction, and also investigate a scenario which is far from equilibrium. Of technical importance is the proof that energy and momentum are conserved in the presence of interactions, which we also demonstrate.
Since our analysis is performed in the setting of kinetic theory, we discuss this briefly here. If interactions are short ranged, as is the case for the λϕ 4 point-like interaction, one expects naively that the quantum field may, above some length-scale ℓ f , be conceived as a distribution of free particles, each of which temporarily goes off-shell while undergoing an interaction, during a time τ c . For this picture to have some validity, one has τ c ≪ ℓ f .
(1.1)
In that case, the time dependent particle density n( x, t) satisfies n( x, t) ≪ ℓ
in describing the system. Due to particle creation and annihilation n( x, t) will, in general, have a time dependent normalization.
This separation of the system into macroscopic length scales above ℓ f , and microscopic length scales below ℓ f , is at the same time a statement about the effective interaction, and hence the effective coupling of the particles at different energy scales. It is therefore important to consider the behavior of the running coupling as we move from one length scale to another. For example, in QCD at high energies, the quark and gluon degrees of freedom are relevant, whereas at low energies these remain confined and their hadronic bound states can be treated as fundamental. In this case, the separation in length scales is accompanied by a separation of physical degrees of freedom. Such a phenomenon is difficult to implement in a two-scale transport theory. A two-scale approach is also not consistent with the running of the effective coupling in the λϕ 4 model. Here we are dealing with a trivial theory. If we take the quantum corrections of all scales into account, the effective coupling in the theory vanishes, implying that small scale dynamics fundamentally modify the behavior at larger scales. Imposing a momentum space cut off in the theory invalidates triviality and the theory becomes interacting. A kinetic formalism can be derived from the closed time path formalism without resorting to a two-scale interpretation. However the resulting equations of motion that one obtains are kinetic equations for the 2 point Green functions, rather than for a quasi-classical phase-space distribution function.
A kinetic theory for the λϕ 4 model was originally derived via the operator formalism in the midseventies [14] . We study the kinetic field theory for the aforementioned model by reformulating the CTP equations of motion as a transport theory, and including up to 4-point initial correlations. A similar approach can be found in [5] , where however only initial two-point correlations have been taken into account. In section two, we give a brief introduction to the CTP formalism in this context, derive the transport equations, and clarify their physical content. Our view parallels the physical interpretation put forward in the early work by Carruthers and Zachariasen [14] . Initial conditions for these equations are shown to break a symmetry underlying any CTP field theory in the third section. The WardTakahashi identities corresponding to this broken symmetry express direct relationships between the Green functions and the initial conditions. They also represent a set of kinetic equations generalized to the n-point Green functions. For the λϕ 4 model, in which the symmetry group is SO(1,1), these identities are given. In particular, the Noether current corresponding to this symmetry is interpreted physically. In addition, it is shown that the dynamical evolution of the 2-point functions guarantees energy-momentum conservation. In the fourth section we detail this explicitly by demonstrating that the divergence of the energy-momentum tensor vanishes simply by using the transport equations. This allows us to settle some of the questions concerning energy-momentum conservation and the use of gradient-expansions in both Vlasov equations, and equations that include a collision-term. By studying the off-shell behavior in the free field equations and recovering the Casimir-effect from our solutions, we illustrate the intimate connection between inhomogeneities, off-shellness and initial conditions. With this program in mind, we now give a brief exposition of the CTP formalism and the kinetic field theory that is based upon it.
Kinetic Field Theory
Before we turn to the λϕ 4 model in particular, we review the general structure of the CTP formalism and the generalized effective action. Following this, we derive the transport equations for the 2-point functions and analyse the physical meaning of the various terms in the equations and the variables we use.
The Closed Time Path Formalism
Here we will briefly recapitulate the main ideas of the CTP formalism that are relevant for our calculation.
A full treatment of the CTP formalism can be found elsewhere [12] . Letφ denote a collection of field operators. For simplicity, we take them to be bosonic. The system is specified by a Lagrangian density L(φ), and a density operatorρ, that enforces the initial conditions.
Let | φ 1 > be an eigenstate of theφ operator satisfyinĝ
with the c-number function φ 1 (x) being one of its eigenvalues. Let | φ n > be a complete set. Then the
contains all the physical information stored in the density operator at t=0. Square brackets denote ρ being a functional rather than a funtion. If the hamiltonian H of the system is not time dependent then, in the Heisenberg picture, neither will the operatorρ be. If we now introduce an additional interaction with a source j( x, t)
then the time dependence ofρ is given bŷ
where T is the time ordering operator, andT is the anti time ordering operator. It is a useful bookkeeping device to introduce indices 1 and 2 for the current and field operators taken on the time ordered or anti time ordered paths respectively, that are given in Eq.(2.4). Explicitly on the time ordering path, one hasφ 1 ( x, t) and j 1 , andφ 2 ( x, t) and j 2 on the anti time ordering path. In a contravariant notation, the general indexed n-point Green functions are defined by
where T p orders the field-operators according to the rule 
using the abbreviation j
It is convenient to replace the fields φ 1 and φ 2 by the doublet ϕ a = (φ 1 , φ 2 ), and introduce the metric
on this internal space. For example, the source term can then be written as
by contracting the fields φ with the metric c ab . We will refer to these indices a, b as CTP indices. We define a CTP action
The general Green functions G abc... are computed now by taking derivatives of Z with respect to the source j a (x).
By expanding the density functional in Eq.(2.2), in powers of the field ϕ to be, 14) and obtains the connected Green functions by subtracting out the disconnected contributions. This procedure is most simply convenient in deriving the hierarchy of coupled equations of motion for the (connected) Green functions in a direct fashion. In order to obtain these equations for the G abc.. , and 
the mean-fieldφ a and the connected 2-point and n-point functions satisfy the equations
The general Green functions G abc... can be expressed in terms of the connected Green functions G abc...
yielding the formal equations of motion. They are formal in the sense that Γ has not been computed explicitly. For our purpose this will not be neccesary. The physical implications of such a Legendre transform were treated, for example, in [17] and [26] . At this point we leave the formal development of the CTP-formalism and turn to its application to the λϕ 4 model.
We consider the Lagrangian density
The corresponding CTP action is then
where we have defined
In the next subsection we focus on the equations of motion for the 2-point connected Green functions, since they lie at the heart of the kinetic formulation of the non-equilibrium theory.
The Kinetic Formulation
In this subsection we derive the equations of motion specifically for the 2-point functions G ab (x, y) and write them as kinetic equations. In particular, a hierarchy of coupled equations for the G abc... is obtained in which the two-point function G ab is embedded. For practical calculations, this hierarchy of equations for the G abc... must be truncated. Calzetta and Hu [5] , Kandrup and Hu [27] and, in a general context, Hu [15] , have argued that this introduces dissipative phenomena in the model. On the other hand, if the field is initially free and the density operator is diagonal in momentum space, an explicit calculation of the non local sources K is feasable, and shows that the series truncates after the two point source.
Consequently if one is willing to accept limitations on the range of initial conditions, the series of the K's can be truncated. It is in this spirit that we will truncate the expansion of ρ[ϕ a ] after K abcd (u, v, w, x).
The Effective Action for the λϕ 4 Model
Truncating Γ after the fourth term, leads to the explicit form
and G abcd (w, x, y, z) can be chosen as independent variables.
A more convenient choice are the 2-point connected Green functions abcd (w, x, y, z) respectively, defined by
and, 25) and which are represented diagrammatically in fig.1 . As shown by Weldon [28] , in the non-equilibrium formulation these vertices are related to the equilibration rate of the distribution of quasi-particles over the available energy-momentum space, and not to the decay-rate for a single particle.
The Equations of Motion
It is possible to extract all information needed to construct the equations of motion for G ab from the dynamics of the mean fieldφ a alone. For the sake of convenience we will always assume that the sources K abc and K abcd include the tree-level vertices. We proceed as follows. The equation of motion forφ a is found by solving the identity 26) where the free CTP action S 0 CT P , given by 27) appears due to our choice of absorbing the interaction vertices in the K's. Working this out yields
where we have denoted as G −1
(0) ab the inverse of the free propagator
From Eq. [2.15] , it follows formally that 
(0) ab is now a functional of the full propagator. The explicit connection is given by the usual Dyson equation. As in the zero-temperature formalism, Eq.[2.32] can be formally integrated with respect tõ
Γ int can now be constructed from vacuum diagrams alone, in terms of G ab , α 
The formal equation of motion for G ab , after truncating the series of the K abc.. , is
The l.h.s. of this equation can be expressed as
The first term here can be explicitly calculated from the functional integral for Z
The last term can be written out using the formal equations of motion of the vertices α 3 abc
and α 
The solution of this equation requires knowledge of both vertices α 3 abc and α 4 abcd . It describes the exact 2-point Green function for the non-equilibrium system, with initial conditions constrained by the truncation of the K's after K abcd . At this point, it makes no explicit reference to the dynamical role of inhomogeneities and off-shellness. The kinetic representation of Eq.[2.41] however allows one to address these questions directly. Since we aim at understanding the simplest effects of inhomogeneities in the field theoretic setting, there is no apparent need for allowing spontaneous symmetry breaking. This allows one to make an appreciable technical simplification of Eq.[2.41]. We thus set the mean-field and the 3-vertex to zero, so that the last three terms vanish.
We progress toward the kinetic representation of the non-equilibrium dynamics by multiplying Eq.(2.41) once from the right by G bc and contracting over the index b yielding
Here the differential operator G 
In doing so we have formally inverted the operator G −1
ab (x, y). In order to do so properly it is neccesary to specify its kernel, i.e. the set of functions f (x) for which For a homogeneous system , G ab (x, y) depends only on the relative coordinatex = x − y. It is therefore natural to consider G ab as a function ofx and the centre of mass coordinate X = 1 2 {x + y}. Its 4-Fourier transform G ab (P,p)
is related to the Wigner transform G ab (X,p) by 
and
where the 2-loop self-energy, Σ ab , is given by
and we have introduced the gradient operators
In this expression, the arrows indicate the direction in which the differentiation acts. By subtracting Eq.(2.43) from Eq.(2.42) we obtain the kinetic equation
and, by averaging the equations, Eq.(2.43) and Eq.(2.42), the constraint equation We close this section with a discussion of the physical content of the various terms in the kinetic and constraint equations.
Physical Interpretation
Under homogeneous boundary conditions, such as global thermal equilibrium (T.E.), we have as The term in the r.h.s. of the kinetic equation is the collision term. On-shell, it describes the effect of two-particle interactions on the one-particle distribution function f . The relation between the two-loop self-energy on the one hand and the decay of the bosons is found from the cutting equations implementing unitarity [32] . The physical meaning of the variable P can be clarified by analyzing the transition amplitude between two states, < 1, p µ | and | q µ , 2 >, that contain at least one, reducible, on-shell particle with initial incoming momentum p, and final outgoing momentum q. In our convention the momenta are directed towards the interaction vertex. By definition
So P is the momentum loss due to interactions with a non-trivial background. The fact that for homogeneous systems P = 0 indicates that the interpretation is of a statistical nature. In homogeneous systems the particles will interact with the background, but the effects will average out. It is easy to show that
If G ab (P,p) is restricted to being on-shell, withp on-shell as well, then it contains no dynamical information on the inhomogeneities.
Thus far, we have derived the kinetic field theory for self interacting bosons. In the homogeneous limit the functions G ab (P,p) describe the distribution of on-shell bosons over the available energy and momentum states. In this limit,p is the momentum of the propagating bosons. When we only require the asymptotic states to be on-shell P can be interpreted as the loss of momentum due to interactions with inhomogeneities in the system.
In the next section, we will discuss a symmetry property of non-equilibrium field theories. It generates identities among Green functions that, among other things, express the impact of initial conditions on these Green functions. It serves to yield a satisfying interpretation of the 2-point functions and their arguments beyond the limit of quasi-homogeneity. In this section, we focus on a symmetry underlying the non-equilibrium dynamics of the scalar field. But first let us make some general remarks. The transition from standard quantum field theory to the CTP formalism gives rise to a doubling of the number of fields. Every physical field becomes a CTP doublet, and on the internal space of these CTP doublets, we have defined the degenerate metric c ab . Now consider a theory containing an n-tuple of fermions (and/or bosons) symmetric under SU(n) transformations. The free CTP action will then, through doubling, be symmetric under SU(n,n). As expected, this symmetry is broken, although an SU (n) SU (n) subgroup remains. Now SU(n,n) has (2n) 2 − 1 generators, whereas SU (n) SU (n) only has 2n 2 − 2 generators. Consequently the Noether theorem will yield 2n 2 + 1 currents whose non-conservation can be computed exactly. For a broken symmetry, Ward identities can be derived and considered useful if, either the symmetry breaking terms are small or, symmetry violation is calculable. Here we will consider the symmetry relevant to the λϕ 4 model. The real scalar field has a trivial SO(1) symmetry, which under CTP doubling becomes a broken SO(1,1) symmetry. To our knowledge this has gone unnoticed, although there is a relation to the SU(1,1) lie algebra used in quantum optics [29] . This section focusses on the SO(1,1) symmetry of the free real scalar field. We will give the Noether current, the Ward-Takahashi identities, discuss its breaking by interactions and initial conditions.
The CTP action for the free field
is invariant under global SO(1,1) transformations. The generator of these is
and an infinitesimal transformation applied to the fields ϕ a yields the change
3)
The associated SO(1,1) Noether current is
with ǫ ab the completely antisymmetric two by two CTP tensor. Note that d 3 xj ν (x) is a dimensionless quantity. In the general case, the expectation value of the Fourier transformed current is given by
Its zero'th component is related to the canonical commutator by
so that we have
from canonical quantization. It implies that j 0 (X) is an infinite constant. To see the meaning of this, consider the expectation value of the commutator of two fields
It represents a pulse arriving at the point x = y from the backward lightcone, and subsequently going out into the forward lightcone [30] . The temporal charge density is the amplitude corresponding to this, summed over all possible momenta. Put differently, j 0 (x) is the amplitude density for absorbing a particle at x and subsequently emiting it. That it is infinite is due to the fact that it is obtained from
evaluated atx 0 = 0. It represents the amplitude density for absorbing a particle and reemmiting it at a relative distancex. Physically, atx 0 = 0 the only contribution can come from x = 0, yielding the delta function. The infinity is a result of the expansion of these amplitudes in terms of plane waves. The use of extended wavepackets on the other hand would yield finite expressions. We see that the propagation of particles is represented by subsequent absorptions and reemmisions. In the free field vacuum this amplitude is conserved. The temporal charge density is a creation/ annihilation density, whose free field vacuum value describes the free propagation of particles. It is sensible to make a vacuum subtraction setting the free field temporal charge equal to zero, which corresponds to normal ordering.
Analyzing the eigenstates of the SO(1,1) generator sheds light on the interpretation of j 0 (P ) in terms of particles. The fieldsφ
are normalised eigenvectors of the SO(1,1) generator. These are the generators of the Keldysh base i.e. the physical representation. [12] . We assign the eigenvalues q ± = ±1, or so-called temporal charge, to these. With respect to particle/anti-particle exchange, the states generated byφ + are symmetric and those generated byφ − are anti-symmetric. Since, for neutral bosons, particles and anti-particles are indistiguishable, the 1-particle, negative temporal charge states are redundant. In the physical limit, the field carrying negative temporal charge <φ − > vanishes. The field-operatorφ + creates a symmetric state out of the vacuum, representing a physical particle.
Let us see if the propagator is consistent with the demand that physical particles allways move into the forward light-cone. The propagator is given by T p {φ −φ+ }. By considering the retarded and advanced 2-point Green functions, given by
we can identify the propagators for the particles with + and -temporal charge respectively. They represent respectively the outgoing and the incoming particles. In terms of these functions we can write
showing that the temporal current is directly related to the absorptive part of the 2-point Green function [12] .
Thus we find that
is the creation/annihilation density, in (P,p)-space, corresponding to momentum-loss P and the momentumflowp. Since we have lost all coordinate space information, we cannot say in what region of coordinate space the momentum flows and where it is lost. However such questions can be addressed by constructing appropriate wave-packets. The commutation relation Eq.(3.6) expresses that if one integrates out the energy-flow, then P = 0. Put differently, the momentum is lost to other particles with different energies but it is not destroyed. The temporal current is the total flow of the creation/ annihilation density in terms of either a location, j ν (X), or the energy-momentum dissipation j ν (P ). In detailed balance, the vacuum subtracted flow will be zero. The total temporal charge
at time t is the total creation/ annihilation amplitude. Its Fourier transform is
the amplitude associated with the energy-loss e. The divergence of the temporal current is thus the amplitude for the energy-momentum loss P due to all interactions.
The divergence of the temporal current is related to the integrated kinetic equations for G 21 and G
12
since
As expected, and as can be seen from Eq.(2.51), the global SO(1,1) symmetry is broken by the λϕ 4 selfinteraction. There is, however, another source of SO(1,1) symmetry breaking. Consider the free-field, vacuum, 2-point functions. If SO(1,1) symmetry were realized then G ab would be expressible as
with g 1 and g 2 functions of the momentump. The actual Green function can be decomposed however to display the form
where one sees that the third term explicitly breaks SO(1,1) symmetry. A proper definition of the non-equilibrium theory, i.e. fixing the initial conditions, also requires the symmetry to be broken.
Initial Conditions Breaking SO(1,1)
For the sake of simplicity, we examine the symmetry breaking by a 2-point kernel K ab (x, y). This covers both equilibrium and non-equilibrium initial conditions, that describe an inhomogeneous system of free bosons. If λ = 0, then the divergence of the temporal current is
If this is integrated over x, after vacuum subtraction, we obtain the the total particle production amplitude,
These particles are created to form the initial state. Taking the most general form for the symmetrybreaking kernel to be 22) and using
we see the divergence of the temporal current is directly related to the 2-point correlation function
In terms of temporal charge fields we have 25) representing the correlation among the particle production at x and at y. So far we have discussed the expectation values of the SO(1,1) current operator. However in the context of Quantum Field Theory symmetries, even explicitly broken symmetries, generate a whole hierarchy of identities among Green functions.
By applying the usual techniques to the functional integral, assuming the absence of anomalous breaking of the SO(1,1) symmetry, we can derive Ward-Takahashi identities for the broken symmetry. In the case of initial conditions symmetry-breaking (ICSB) discussed above we find 
For n=1,2 we have explicitlyφ 28) and 29) representing the contribution of the initial conditions to particle distributions at later times.
We have seen how initial conditions break SO(1,1) symmetry in order to prepare the initial state, and we have calculated the effect this has on the CTP Green functions. The self-interaction also breaks the symmetry and we will deal with that next.
Interactions Breaking SO(1,1)
The divergence in the temporal current due to interactions is
This explicit symmetry breaking (ESB) is local and therefore persistent, unlike the case discussed above.
A simple example of the violation of particle number by interactions is the decay of one boson into three bosons. Note that Eq. Vlasov-and collision terms can all be recovered from Eq.(3.30), and interpreted along the lines of (offshell) particle creation and annihilation in the vacuum of the interacting theory.
For ESB we also give a Ward-Takahashi identity, assuming no ICSB one finds
Once again for n > 0, we expect an integrated identity to hold. We find
Again we give to explicit examples, for n = 1
and for n = 2, we find an equation for the correlation function
In any realistic case, both mechanisms of SO (1,1) to higher-order kernels K abc... and other polynomial interactions is straightforward.
Energy-Momentum Conservation
In this section, we show that the divergence of the canonical energy-momentum tensor vanishes due to the kinetic and constraint equations. It will turn out that the true difference between Vlasov-and collision-terms lies in the (non-)locality of the interactions that they represent.
The energy-momentum tensor in the λϕ 4 model is given by
where
refers to the free field energy-momentum tensor and T µν int to the interacting part. In terms of 2-point functions this can be written as
where G corr has been defined in Eq.(3.23). In deriving this expression, linear terms inp ν have been dropped, because they do not contribute to the integral since G corr (P,p) is symmetric inp ν . The interaction contribution to the energy momentum tensor is connected with the coincidence limit of the four point Green functions. One possible choice is
It is important to recognize that the interaction part also contains the contribution of the independent variable α 4 abcd . Energy-momentum conservation requires
We will investigate this relation for three cases. First we will consider the free field situation, followed by a verification of Eq.(4.4) taking into account the Vlasov interaction and, finally, treating the full theory.
Our procedure will be to use the kinetic and constraint equations to calculate the l.h.s. of Eq. For the free field case, λ = 0, the kinetic and constraint equations read
Applying P µ to Eq.(4.2), it is straightforward to see that the l.h.s. of Eq.(4.4) vanishes. In the Vlasov approximation, we neglect the collision terms, i.e. we treat the 4-point Green function as a disconnected product of 2-point functions. So the interaction term is
The factor 3 counts the possible ways of writing a 4-point Green function as a disconnected product of 2-point Green functions. The kinetic and constraint equations are now given as
(4.7)
Applying P µ to Eq.(4.2) and using the Vlasov equations yields
The d 4p -integration in the terms containing the sinh and cosh functions can be performed. For the sinh terms this yields 9) to be integrated over P ′ andp ′ . For the cosh terms one can use between ap-independent factor and G ab (P,p), the gradients play no role in energy-momentum conservation.
In the fully interacting case, the confirmation of Eq. 
where we have allready used the fact that the free field and Vlasov terms either vanish or are taken care of by corresponding terms in the interaction part. 
which we can identify as the point-split implementation of the product rule by using the symmetry of the Green functions under the coherent exchange of CTP indices and the corresponding space-time arguments. Consequently we have the divergence of the free field energy-momentum tensor expressed in terms of the connected 4-point Green function The two equations, given apropriate boundary conditions, consequently determine the coincidence limit of the 2-point Green functions. Put differently, energy-momentum conservation and temporal current nonconservation determine the U.V.behaviour of the dressed propagators. In the next section we analyse a free field case in the presence of inhomogeneities.
Free field
In the previous sections we have seen that energy-momentum conservation and temporal current nonconservation equations determine the coincidence limits of G 21 (x, y) and G 12 (x, y). Inhomogeneities have played a major role in establishing the conservation since they reflect the energy-momentum exchange between the particles. Inhomogeneities on the other hand make their appearance in the gradient expansions of the interaction terms in the kinetic and constraint equations, but also they appear quadratically in the free field equations. In this section we will concentrate on the free field equations
To find the solution to Eq.(5.1) for arbitrary initial data, we exploit the linearity of these equations. It is used to discuss the effect of inhomogeneities and off-shellness. Following this we give an explicit example of an inhomogeneous non-equilibrium system.
General solution
By inspection of Eq.(5.1) one sees that the decomposition of G ab into a vacuum contribution, G ab vac , and a medium term,G ab ,
solves the free field equations, where G ab vac is
andG ab (P,p) satisfies the set of homogeneous equations
Since G ab vac describes the propagation of free particles, their P -dependence is a simple δ 4 (P ) as expected from the absence of interactions. All the momentum-loss information is included inG ab . It is the momentum-loss suffered by the particles during the preparation of the initial condition. Particle propagation at later times will not couple to these initial inhomogeneities and thus not dissipate them.
Let us consider that G ab (X,x) is given by an initial value at X 0 = 0 andx 0 = 0 and denote it as
Since we work in momentum space, it is useful to introduce the Fourier transform of the 
Due to the symmetry, G 21 (P,p) = G 12 (P, −p), of the off-diagonal 2-point functions and the relation
specifying the diagonal elements in terms of the off-diagonal elements, the four functionsG ab contain only one unknown function g(P,p), satisfying Eq.(5.4). In thermal equilibrium, it is well-knowm that g(P,p) is given as
where g BE (p 0 ) is the Bose-Einstein distribution function.
Consider the Wigner representation of the general solution
Since we deal with massive particlesp 0 = 0 and two of the four P integrations, say over P 0 and the component parallel top
can be performed using
where we have defined the measure of off-shellness α by 13) and used the first identity in Eq.(5.11) to obtain the second. In these coordinatesp has only two nonvanishing elements;p 0 andp. Thus γ is a Lorentz boost factor and α is not a Lorentz-invariant quantity, but rather a frequency. After performing the integrals in P 0 and P , the integrand will have the general
(5.14)
Eq.(5.14) is a superposition of waves with frequencies γα moving along the X -axis. The Lorentz boost factor relates these waves to spatial oscillations in the rest-frame defined by p = 0.
Although there is no interaction among the particles, there are collective off-shell effects due to the preparation of the initial condition. In a free field theory, particles with a pure momentum are described by plane waves. Eq.(5.14) tells us that a particle cannot be in a pure momentum state if there are transversal inhomogeneities (T.I.'s). Clearly they would disturb any plane wave into a more complex wave. From the reality condition on α, we see that T.I.'s must vanish forp to be on-shell. The constraintp µ P µ = 0 implies that the rest-mass of the particles is unaffected by inhomogeneities. The energy-loss is solely due to longitudinal inhomogeneities (L.I.'s), in contrast to the T.I.'s, responsible for removing the particles off the mass shell. By going to the rest framep = 0 of the particles moving along X , one sees thatp 0 > m for non-vanishing T.I.'s. This implies that the particles will not reach asymptotic on-shell states unless they were not deflected in the first place. One of the two remaining integrations over the components of P ⊥ can be replaced by an integration over the off-shellness. Integrating out the α represents a summing over quantum fluctuations dressing the particles.
Free expansion of a Bose-Einstein gas
In this subsection, we give an example of a system as discussed above. The free expansion of a BoseEinstein gas will be treated. Consider (3 + 1) dimensional Minkowski space divided into two half-spaces, M + and M − , by a Dirichlet-wall at x 3 = 0. The gas in M − is assumed to be in thermal equilibrium at a temperature T, while in M + a vacuum persists. The total-space propagator G(x, y) is defined as a sum of two half-space propagators
where G + is a vacuum propagator and G − is a thermal propagator. These can be computed from totalspace vacuum and thermal propagators by the method of images. This procedure can be justified by an eigenfunction expansion in terms of solutions of the half-space Klein-Gordon equation. For the half-space vacuum, one can express the associated Green function in terms of the total-space vacuum propagator In the thermal half-space on the other hand we have, using the thermal total-space propagator G T (P,p),
. These propagators describe a stationary state which at X 0 =x 0 = 0 coincides with our initial condition.
In momentum space the initial conditions in each of the half-spaces is now represented by the apropriate propagator integrated over P 0 andp 0 . Thus we compute the initial condition for each half-space G ± 0 (P i ,p j ) = dP 0 2π dp 0 2π G ± (P,p) . . On dimensional grounds one expects the finite temperature contribution to be proportional to T /X 3 , which is the behaviour we find. An explicit calculation verifies this interpretation.
As the wall is instantaneously removed at t = 0, this leads to particle creation. It is exactly this type of effect that the SO(1,1) Ward identities for ICSB adress.
Conclusions
In principle a kinetic field theory of non-equilibrium physics is viable beyond a two-scale approach. It is the ideal starting point for treating inhomogeneous systems out of equilibrium. In particular we have studied a transport theory for the scalar λϕ 4 field theory, constructed using the closed time path formalism.
In this case we find that energy momentum conservation is guaranteed by the dynamics of the 2-point functions. Gradient expansions occurring naturally within the formalism cannot be truncated without either violating energy-momentum conservation, or introducing non-locality. It has been shown how the broken SO(1,1) symmetry of non-equilibrium field theory is useful in establishing a physical interpretation for G ab . Temporal current non-conservation combined with energy-momentum conservation determines the ultra-violet behaviour of the dressed propagators. The free field equations have been analyzed on their non-equilibrium content. Inhomogeneity and off-shellness are intimately related in this context. This is not expected to change in the interacting theory. By integrating out the off-shell contributions one arrives at quasi classical distribution functions. 
